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LECTURER1  

Limits and continuity 

Function 

Defenition:A function f is a rule that assigns to each element x in a set A 

exactly one element, called f(x), in a set B 

Domain and Range of a  Functions 

 Recall the definition of a function. 

Let BAf :   be a  function from A to B. The set A is called the domain 

of f and the set B is called the codomain of f. The set }\)({)( AxxfAf   

is called the range of f 

For example 

Let A={1,2,3,4}and B={v,w,x,y,z} ,let BAf :  be 

f={(1,w),(2,y),(3,y),(4,z)} then 

(a)The domain of f is {1,2,3,4} 

(b)The codomain of f is (v,w,x,y,z} 

 ©The range of f is f(A)={f(1),f(2),f(3),f(4)}={w,y,y,z}={w,y,z} 

 Definition  

   A relation is a function if and only if each object in its domain is 

paired with one and only one object in its range. This is not an easy 

definition, so let’s take our time and consider a few examples. 

     Ex(1)                                                                                          

Consider the relation R .                                                                             

  R =  (0, 1),(0, 2),(3, 4) The domain is {0, 3} and the range is {1, 2, 4}. 

Note that the number 0 in the domain of R is paired with two numbers 
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from the range, namely, 1 and 2. Therefore, R is not a function. There is 

a construct, called a mapping diagram, which can be helpful in 

determining whether a relation is a function.                                               

     To craft a mapping diagram, first list the domain on the left, then the  

range on the right, then use arrows to indicate the ordered pairs in your 

relation, as shown in Figure 1                                                      .             

                                                R        

                                           0 1             

 3   2  

                                                         4                                                       

                                  Figure 1. A mapping diagram for R. 

                                                                                                                       

It’s clear from the mapping diagram     in Figure 1 that the number 0 in 

the domain is being paired (mapped) with two different range objects, 

namely, 1 and 2. Thus, R is not a function. Let’s look at another 

example.  

Example(2)                                                                                      

 Is the relation described in T a function? First, the listing of the relation 

T.                                                                                                                   

 T =  (1, 2),(3, 2),(4, 5) Next, construct a mapping diagram for the 

relation T. List the domain on the left, the range on the right, then use 

arrows to indicate the pairings, as shown in Figure2                                        

 1      T  

                                  3                      2                          

                                 4                     5                              

                                Figure 2. A mapping diagram for T 
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From the mapping diagram in Figure 2, we can see that each domain 

object on the left is paired (mapped) with exactly one range object on 

the right. Hence, the relation T is a function 

Functions and different types of functions 

   A relation is a function if for every x in the domain there is exactly one 

y in the codomain. A vertical line through any element of the domain 

should intersect the graph of the function exactly once. (one to one or 

many to one but not all the Bs have to be busy) A function is injective if 

for every y in the codomain B there is at most one x in the domain.           

 A horizontal line should intersect the graph of the function at most once 

(i.e.not at all or once). (one to one only but not all the Bs have to be 

busy) A function is bijective if for every y in the codomain there is 

exactly one x in the domain.                                                                         

 A horizontal line through any element of the range should intersect the 

graph of the function exactly once. (one to one only and all the Bs must 

be busy). A function is surjective if for every y in the codomain B there 

is at least one x in the domain. A horizontal line intersects the graph of 

the function at least once (i.e.once or more). The range and the codomain 

are identical. (one to one or many to one and all the Bs must be busy)                                                        

Example: Find the Domain and the Range for the function 
1

1
)(




x
xf  

D: 1x    R: 0y         

H.W.                                                                                                                     

Find the Domain and the Range for the following functions                    

          (1) 342  xxy      

        (2)    2xy                                                                                                                      
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             The limits         

Assume f is defined in a neighborhood of c and let c and L be real 

numbers. The function f has limit L as x approaches c if, given any 

positive number  , there is a positive number d  such that for all x,  

  Lxfcx  )(0  

 We write Lxf
cx




)(lim  

The sentence limx→c fx L is read, “The limit of f of x as x approaches c 

equals L.” The notation means that the values f (x) of the function f 

approach or equal L as the values of x approach (but do not equal) c.   

Ex(3): 

If 2,
2

23
)(

2





 x

x

xx
xf   find 

2

)(
x

xLimf  

Solution: 
22

2

22
112)2(

)2(

)1)(2(

2

23
)(














xxxx
xLim

x

xx
Lim

x

xx
LimxfLim  

Limits at Infinity 

We note that when the limit of a function f(x) exist as approachs infinity, 

we write LxfLim
x




)(  

 Also, we write  LxfLim
x




)(  for +ive values of x and LxfLim
x




)(  for   

-ive values of  x 

For one sided and Tow sided limits,we have LxfLim
x




)(  iff  LxfLim
x




)(  

and  LxfLim
x




)(  
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Some obvious Limits 

(1)If k is constant,then kxfLim
x




)(  and kxfLim
x




)(    

(2) 0
1


 x
Lim
x

 ,  0
1


 x
Lim
x

 ,and ) 0
1


 x
Lim
x

 

(3) ) 
 x

Lim
x

1

0
 , (3) ) 

 x
Lim
x

1

0
,and (3) ) 

 x
Lim
x

1

0
 

Examples: 

Find the following limits 

(1)  
 32x

x
Lim
x

 
2

1

3
2

1





x

Lim
x

           

 هنا نضرب ونقسم في مرافق المقدار لايجاد قيمة الغاية

(2)  


xxLim
x

1( 2  0
2

0

1
1

1

1

1(

1
.1(

2

2
2 












x

xLim

xx

xx
xxLim

xx
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Theorems on limits(Calculation Technique) 

1-Uniqueness of limit 

If 
ax

LxLimf


)(  then L is unique 

2-Limit of constant 

If f(x)=c, where c is constant then 
ax

xLimf


)(
ax

cLimc

  

3-Obvious limit 

If f(x)=x then 
ax

xLimf


)( axLim
ax




 

4-Limit of Som 

If )(xf )(1 xf )(1 xf )(3 xf ……..  )(xf n and ii
ax

LxfLim 


)(

,i=1,2,….,n,then  




)(xfLim
ax




)(1 xfLim
ax




)(2 xfLim
ax

…. Nn
ax

LLLxfLim 


.......)( 21  

5-Limit of product 

If )().......().()( 21 xfxfxfxf n and ii
ax

LxfLim 


)( , i=1,2,….,n,then 


)(xfLim
ax

).(1 xfLim
ax

).(2 xfLim
ax

…… ).(xfLim n
ax

= nLLL ........ 21  

6-Limit of Quotient 

If 
)(

)(
)(

xh

xg
xf  and  1)( LxgLim

ax



,and 2)( LxhLim

ax



, 02 L then 


)(xfLim

ax

2

1

)(

)(
)(

L

L

xhLim

xgLim
xfLim

ax

ax

ax







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